In this paper we present a symmetry of a toroidally compactified type II string theory. This symmetry has the interpretaion that it interchanges the left and the right-moving worldsheet coordinates and reverses the orientations of some of the spatial coordinates. We also identify another discrete symmetry of the type II theory which is related to the above one by a nontrivial U-duality element of string theory. This symmetry, however, has trivial action on the worldsheet coordinates and corresponds to an improper T-duality rotation. We then construct examples of type II dual pairs in four dimensions by modding out the known type II dual pairs by the above symmetries. We show the explicit matching of the spectrum and supersymmetries in these examples.
String-String duality conjecture has acquired a great deal of support from a number of independent checks performed in last one year. This conjecture implies that there are pairs of string theories where strong coupling limit of one can be interpreted as the weak coupling limit of another and vice versa. Earliest support [1, 2, 3] in favour of this conjecture have been the matching of the neutral particle spectrum and mapping of the the string effective action for the heterotic-type IIA pair of strings in six dimension for the case when the heterotic string is compactified on T 4 and the type IIA is compactified on K3 [2, 3, 4] . This conjecture received further support from the demonstration that the fundamental string solutions of one theory is mapped to the solitons of another one by a strong-weak coupling duality [1, 5] . The emergence of chiral worldsheet action of the heterotic string theory [6, 7] , with the right number of fermionic and bosonic zero modes as a soliton worldsheet action of the type IIA theory for K3 compactification, was another evidence of the existence of this duality symmetry. Some of these results have been checked by a direct calculation of the string loop amplitudes for the heterotic string theory and comparing them with the exact results of the type IIA theory [8, 9] .
Starting from the above heterotic-type II dual pair, many other nontrivial examples of the dual pairs of the heterotic-type II string theory were constructed in [10, 11, 12, 13, 14] . Many of these constructions are based on an adiabatic argument which implies that the two theories which are "strong-weak" dual of one another remain so during the process of compactifications on circles of arbitrary radii. This is also true in the case when the two theories in higher dimensions are modded out by a pair of discrete symmetries, related by stong-weak coupling duality, as long as these symmetries have no fixed points. An easy way to avoid fixed points is to compactify on circles of arbitrarily radii and combine the discrete operations on the individual higher dimensional theories with the translations on these circles. In these cases, the twisted sectors are all massive and the left-right matching condition of the spectrum is maintained.
The arguments of the above paragraph were applied by Sen and Vafa [15] to obtain the dual pairs of type II theories in four as well as in six dimensions. In this case they explicitly identified a matrix transformation which represents the strong-weak coupling duality operation. This gives a dual pair, for every pair of T-duality symmetries in six dimensions which are used to mod out the original theories, when they are compactified down to four dimensions. A method for constructing dual pairs by going beyond the adiabatic arguments was also given in [15] . This method was also applied to construct many four and six dimensional examples in [15] .
In this paper we obtain a new Z 2 symmetry, referred as Z o 2 , of the type II effective action. The transformations of space-time fields under this Z 2 can be identified as an orientation reversing symmetry of the worldsheet together with the reversal of orientations of some of the spatial coordinates. This symmetry is similar in its action to the orientifold examples considered in the case of K3 compactification [10] .
We also identify another Z 2 symmetry, referred as Z ⋆ 2 , of the type II action which is related to Z o 2 in the previous paragraph by the operation of strong-weak coupling duality. Unlike Z o 2 , this is a part of the T-duality symmetry of string theory. However, it lies in the set of T-duality rotations which are not connected to the identity continuously. We then work out examples where we obtain new type II dual pairs of string theories by modding out the known ones by the above discrete symmetries . In physical terms, the modding out by Z o 2 in general corresponds to the construction of string theory on a non-orientable worldsheet. Our method therefore gives examples of dual pairs where underlying worlsheet theory in one side is defined on orientable Riemann surfaces and in another side it is defined on non-orientable ones [10] .
We now start by writing down the type IIA string effective action in ten dimensions and identifying the Z o 2 symmetry descibed in the introduction. The type IIA action is given as [6] 
where g is the ten dimesnional string metric and (M,N = 0, .., 9). G M N is the field strength for the RR gauge field A M in ten dimensions:
the field strength for the 2-Form field B M N :
is the field strength for a 3-Form field C M N P and
A six dimensional N = 4 supersymmetric string theory can be obtained from the above action by a compactification on a four torus. This essentially implies the independence of the background fields in the above action with respect to the coordinates x 6 , .., x 9 . To discuss the symmetries we are interested in, we put further constraint that the backgrounds are also independent of the x 5 coordinate. As a result string theory under consideration is the type IIA theory compactified on
We now show that the type IIA action with these restrictions is invariant under a new discrete transformation whose action is a combination of orientation reversing transformations on space-time and the string worldsheet. Since such a symmetry acts by changing the sign of the four dimesional antisymmetric tensor, it is not part of any T-duality transformation. On the other hand, we will see that, the strongweak duality transforms it to another symmetry of the type II action which can be interpreted as an improper T-duality rotation.
This symmetry, Z o 2 , is now found by a direct investigation of the terms in action (1) by decomposing the ten dimensional indices M as M ≡ (µ, 5, i). We mention that various indices in this paper run as: M = 0, .., 9, µ = 0, .., 4,μ = 0, .., 5,μ = 0, .., 3, i = 6, .., 9 and m = 6, .., 8. It can then be shown that the action (1) is invariant under the following set of transformations acting on the components of the ten dimensional fields as:
The above symmetry transformations on the space-time fields have a simple world- This feature clearly distinguishes Z o 2 symmetry from a T-duality symmetry, which has a trivial action on the string worldsheet coordinates. These properties have also been utilized earlier in understanding duality aspects of open string theory [16, 17] . In this case, open string theory emerges as a twisted sector of the closed string theory [16] , when the former ones are modded out by the symmetries of the above type. This aspect has also been studied recently in several papers [18] . This leads to a model which is a combination of space-time and worldsheet orbifolds. In our case, however, above symmetry will be combined with another one to avoid any fixed points. Then twisted sectors are all massive by construction. The interpretation of modding out by the above symmetry is to describe a string theory on non-orientable Riemann surfaces. The nature of the symmetry discussed above is similar to another one for the type IIA strings compactified on K3, as described in [10] . This symmetry can also be obtained on a similar line by studying the corresponding type IIA action [5] .
One can also use arguments along the lines of [10, 15] to find an operation on fields which is related to those in equations (2) by strong-weak duality transformation, namely the action of an element of U-duality, U 0 . In the present case, we first write down a symmetry transforamtion below and later on, using the results of [10] and [15] , argue that it is related to the Z o 2 symmetry of equation (2), by the U-duality element, U 0 . This symmetry Z * 2 has the form:
To interpret this symmetry, we note that it leaves both B µν and g µν components invariant, a property of the T-duality symmetry. In fact, we will see later on that this symmetry transformation corresponds to a T-duality rotation in six dimensions, together with a discrete coordinate transformation x 5 → −x 5 . Moreover, these are the improper T-duality rotation, not connected to identity continuously. We also note that the T-duality rotations used in [15] are all proper ones, since they all belong to the set SO(5) × SO(5). Our results therefore show that the discrete symmetries outside those of the set considered in [15] can be used to construct new dual pairs of string theories. Now, to identify the symmetries in (2) and (3) as pairs of symmetries related by the strong-weak duality element U 0 , we combine the set of fields in these equations in the form: 
whereμ, as mentioned before, is a six dimensional index andKμ is the field dual to Cμ 1 ..μ 3 in six dimensions. The internal components of the metric g ij and the antisymmetric tensor B ij are arranged as:
To make connection with the results in [15] , we note that in [15] 
where
and L is the diagonal O(4, 4) metric used in [15] . This further implies
These notations do not create any confusion, as in the final spectrum counting, we directly use the transformations (2) and (3). We keep both these notations in order to keep the various expressions in simple looking forms.
Unlike in [15] , We have chosen a more specific form for Aμ, ψ, and Kμ in equations (4) . This essentially is a choice of basis for arranging the fields in the representaions of the SO(4, 4) symmetry, and is related to the specific choice of the eight dimensional γ-matrices. A similar choice for the field arrangements has recently been presented in ref. [19] . We would also like to emphasize that the explicit choice of field ararngements in (4) is only to use it for understanding the discrete symmetries of the theory and should not be taken as any precise identification among the field contents in the action (1) and the quantities Aμ, Kμ, ψ, defined in [15] . In other words, each of these can have extra terms which do not change the nature of the discrete transformation for
Aμ, ψ and Kμ under the symmetries (2) and (3). Now, as pointed out in [15] and noted earlier in this paper, a particular element of U-duality SO(5, 5), namely U 0 , relates a dual pair of T-duality symmetries. To show that U 0 also relates the symmetries in equations (2) and (3), we use the identification in (4), to put these transformations in the same form as the T -duality transformations written in [15] . They are given as:
For the T -duality case, other fields, gμν, Bμν and φ remain invariant. The result of a transformation by U 0 is that a T-duality rotation represented by a matrix Ω has a dual pair Ω ′ = R c (Ω), where R c (Ω) is the conjugate spinor representation for SO(4, 4) [15] . For later use we also mention that for a special class of T-dualtity matrices, Ω, represented by (θ L , φ L , θ R , φ R ), and given by the matrix expression:
the transformation matrices for spinors, namely R s (Ω) and R c (Ω), take the form:
where,
Similarly,
We now use these notations to rewrite the transformations (2) and (3) in the form of equations (9). We have,
andÃμ
Nontrivial checks on the fact that the symmetries in (16) and (17) are connected by U 0 is provided by the fact that the properties [15] :
are seen to satisfy by comparingR s (Ω i ) andR c (Ω i ) in equations (16) and (17), where Ω 0 is given by the matrix:
Given Ω 1 and Ω 2 , the form of R s (Ω) and R c (Ω) depends on the choice of eight dimensional Dirac γ matrices. Our field arrangements in equation (4) provide one such choice. The fact that R s (Ω i ) and R c (Ω i ) of equations (16) and (17) are related by relationships in (18) confirms that we have made a consistent choice. As mentioned earlier, another choice for field arrangements has been presented in a different context in [19] .
Another way to notice that we have the correct dual pair of symmetries, Z o 2 and Z * 2 , is to compare our results with those for the K3 compactification in [10] , where it was argued that the dual of a B → −B symmetry lies in the center of the resulting moduli space group, when B is set to zero. We notice that ourΩ 2 ≡R c (Ω 1 ) satisfies this property, as it lies in the center of the group SO(3, 3) × SO(1, 1), which by using the equivalence, SL(4) ∼ SO(3, 3), turns out to be the group of constant coordinate transformations on four of the compactified coordinates.
We now present the construction of two sets of examples of dual pairs in four dimensions following the methods in [15] . To construct a four dimensional example, one starts from the six dimensional theory and further compactifies on the two-torus.
We also mod out the original spectrum by the dual pair of discrete symmetries.
This means that only those states are kept which are invariant under the discrete symmetries. To avoid any states coming from the twisted sectors, one combines these discrete symmetries with the shifts along the central charges of the sypersymmetry algebra. The simplest of these being the translations along one of the two compactified directions which we choose, in this case, as x 4 . We now construct a dual pair of N = 4 supersymmetric theories in four dimensions by modding out the six dimensional theories by the discrete symmetries in (2)- (3) or (16)- (17) Since the resulting theory, as argued below, is an N = 4 supersymmetric theory, the number of vector fields completely determines the local moduli space of scalars. In this case it should be given by the coset
× O(6,6) O(6)×O (6) . The total number of scalar fields surviving the above projection should therefore be 38. In the following we verify this by direct counting.
(ii) Scalars: B 45 , B 4i , g 44 , g ij , g 55 , g i5 , A 4 , C ijk and C ij5 . These are 32 scalar fields.
We however get additional scalar fields by dualizing the surviving antisymmetric tensor fields in four dimensions.
(iii) Antisymmetric tensors: Cμν i and Cμν 5 . These are five antisymmetric tensors.
They give additional 5 scalar fields upon dualization.
(iv) The rest of the surviving degrees of freedom are the graviton g µν and the dilaton φ. Once again we have 12 gauge fields which shows the matching of the vector field spectrum under the modding out operation by the two symmetries of equations (2) and (3).
C 45m , C 4m 1 m 2 . These are 34 scalar fields. Additional scalar fields once again come by the dualization of the antisymmetric tensors.
(iii ′ ) Antisymmetric Tensors: Cμ 1μ2 4 , Cμ 1μ2 9 and Bμν.
(iv ′ ) In addition we once again have the graviton and the dilaton.
All the 34 scalars in (ii), together with the ones coming from the the dualization of the 3 antisymmetric tensors and the dilaton provide once again the 38 scalars needed to make the proper moduli space for the N = 4 supersymmetric theory, as well as the number required by the string-string duality.
The number of supersymmetries in the two cases also match. In the first case the number of supersymmetries is reduced by a factor of half for the simple reason that one identifies the states in the left-moving part with the ones in the right-moving ones. In the dual case also, the supersymmetries reduce by a factor of half due to the appropriate projections. In this case, by looking at the form ofΩ 2 in (17), which from equation (8) is also equal to Ω 2 , we find that it corresponds to an additional left-right symmetric GSO projection. As a result we get a (2, 2) space-time supersymmetric model in this case.
We have thus presented the results of the projection with respect to the symmetries discovered in equations (2) and (3) of this paper. It implies that the weak coupling limit of a type II theory defined on a non-orientable worldsheet, called orientifold, is equivalent in the strong coupling limit, to another string theory with (2, 2) space-time supersymmetry on an orientable worldsheet and vice versa.
We can also construct new dual pair of models by combining the symmetries Z o 2 and Z * 2 with the T-duality symmetries of [15] . As an explicit case, we consider the six dimensional example presented in [15] and its further compactification to four dimensions. The first N = 2 model is now constructed from N = 4 one in six dimensions by modding it out by a Z To conclude, We have shown that the projections with respect to the new discrete symmetries presented in equations (2) and (3) lead to a consistent dual pair of theories.
We have also combined Z o 2 and Z * 2 with many other discrete symmetries of [15] and found the matching of the spectrum. The details of these results, together with the status of symmetries in these models, will be presented separately.
